
Measurement and Modelling of Droplet 
Coalescence and Breakage in a Pulsed- 
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Droplet coalescence and breakage rates in a pulsed-plate extraction column have 
been measured using the colorimetric method of Hamilton and Pratt (1980). The 
results were interpreted in terms of rate constants, defined appropriately for the 
mixer-settler and emulsion regions of operation respectively, using a discrete 
population balance model. It is shown that the resultingvalues of these constants 
can be used to predict accurately the steady-state droplet-size distribution and 
apparent coalescence rate. Computations for a typical extraction system indicated 
that the effect of polydispersivity on performance is surprisingly small for the 
pulsed plate column. 
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SCOPE 

Increasing interest is being shown in the use of pulsed per- 
forated-plate extraction columns, especially for the reprocessing 
of spent nuclear reactor fuels. However, difficulties arise in their 
design and scale-up due to. insufficient knowledge of the effects 
of axial dispersion of the continuous phase and of polydis- 
persivity of the droplet phase on performance. These problems 
are compounded by the fact that the optimum performance 
occurs at a pulse energy input in the region of the transition 

between mixer-settler and emulsion type operation (Sege and 
Woodfield, 1954). 

The present work is concerned with the effect of droplet co- 
alescence and breakage on the steady-state droplet-size distri- 
bution, and on column performance, in both regions of opera- 
tion. For this purpose the colorimetric method of Hamilton and 
Pratt (1980) was used to determine droplet coalescence and 
breakage rates. 

CONCLUSIONS AND SIGNIFICANCE 

Coalescence rates were obtained for the methyl isobutyl ke- 
tone (M1BK)-water system in a ‘Ikmmdiameter pulsed-plate 
column with typical plate geometry at three values of the pulse 
energy input, each at 3 to 4 values of the dispersed-phase holdup. 
The range of droplet sizes present was found to decrease with 
increasing pulsation rate due to a reduction in the upper size 
limit. 

The results were interpreted by means of a discrete popula- 
tion balance model written for each of the droplet sizes present. 
The resulting equations, in matrix form, were solved for the 
second-order coalescence and first-order breakage rate con- 
stants, defined appropriately for the mixer-settler and emulsion 
regions of operation respectively. The rate constants thus ob- 
tained were correlated in terms of droplet size and holdup by 
expressions of the type 

It is shown that the rate constants can be used to predict ac- 
curately both the steady-state droplet-size distribution and the 
apparent coalescence rate. They were also used in a computer 
simulation to determine the effects of droplet coalescence and 
breakage on the effective rate of mass transfer for the system 
MIBK-acetic acid-water in a pulsed column. Although the re- 
sults confirmed the beneficial effect of droplet interactions on 
performance, the extent was not significant due to the surpris- 
ingly small effect of polydispersivity itself. In consequence, 
there is little difference in the calculated number of plates re- 
quired assuming a monodispersion of size equal to the Sauter 
mean diameter of the polydispersion, resulting in a valuable 
simplification for design purposes. 

INTRODUCTION 

Experimental measurements of interdroplet coalescence rates 
are comparatively few in number and, with one important ex- 
ception, are confined almost entirely to agitated vessels at low 
dispersed-phase holdup. Some work has also been reported on the 
theoretical modelling of droplet coalescence and breakage rates 
in terms of both continuous and discrete population balances; 
however, in attempting to apply these, e.g., to the prediction of the 
droplet-size distribution, assumed values of the parameters have 
been used in the absence of experimental values. A complete review 
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of published work in these areas has been given by Hamilton and 
Pratt (1980, 1984). 

The exception referred to above relates to the work of Hamilton 
and Pratt (1980, 1984), who used a novel colorimetric method to 
measure droplet coalescence rates in a packed liquid extraction 
column. This involved the size equilibration of separate streanis 
of methyl isobutyl ketone droplets, containing respectively dithi- 
zone (green) and nickel di(ethy1 xanthate) (yellow) in a section of 
packed column provided with longitudinal partitions. The droplets 
were then allowed to mingle and to enter a second, unpartitioned, 
column section, when coalescence of green and yellow droplets 
gave red droplets, the proportions of which were determined 
photographically. The present work is concerned with the appli- 
cation of the same technique to the pulsed perforated-plate column 
operating in both mixer-settler and emulsion regions. 
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Figure 1. Schematic diagram of pulsed column. 

EXPERIMENTAL 

Preliminary Tests 

Initially, the column design was based on that of the packed column 
described by Hamilton (1981); see also Hamilton and Pratt (1980, 1984). 
Thus it comprised a 72.45-mm-diameter vertically-partitioned droplet-size 
equilibration section surmounted successively by a photographic window, 
an unpartitioned coalescence section, a second window and an interface 
section. However, in operation it was found that large red droplets were 
formed by coalescence in the upper tapered section of the lower window 
and on the end of the central support rod for the plates. The lower window 
was, therefore, removed and the support for the plates modified; tests with 
no plates in the upper section then showed that no red droplets were 
formed. 

During these tests it was also found that clear photographs of the finely 
dispersed droplets formed could not be obtained, especially at the highest 
pulse frequency, using the above workers' method. A modified method, 
using a macroscopic technique, was therefore adopted, as described 
later. 

Details of Final Equipment 

The column is shown diagrammatically in Figure 1. The equilibration 
section comprised a 1.0-m-long precision bore glass tube of 72.45 mm inside 
diameter provided with 16 close-fitting sieve plates, made from 1.575 mm 
thick S.S. sheet, spaced 50 mm apart by means of a central tie rod and spacer 
sleeves. The plates were drilled with 113 holes of 3.2 mm diameter on an 
equilateral triangular pitch of 5 mm to give a free area of 21.7%; the holes 
were grouped into quadrants separated by at least 5 mm. Four longitudinal 
1.0 mm thick S.S. partitions were soldered on each of the spacer sleeves, 
and their edges machined to fit the glass tube closely. The entire assembly 
was clamped together on the central tie rod, of 7.9 mm diameter, with the 
partitions located between the groups of holes. 

The coalescence section consisted of a 0.5-m length of 76-mm-diameter 
nominal bore glass tube provided with from one to eight sieve plates. The 
latter, which were mounted on an extension of the tie rod supporting the 
plates in the equilibration section, were machined to fit the glass tube 

closely. The plate geometry was similar to that of those in the lower section, 
except that the holes were drilled on a uniform triangular pitch of 6 mm. 
The interface section was a 0.3-m-long section of 76-mm bore glass tube 
surmounted by an unequal pipe tee of the same diameter. 

The photographic cell comprised a 1.22-mm-thick S.S. body with tapered 
ends and 220 mm X 180 mm parallel sides 28 mm apart. The latter were 
fitted with 170 mm X 140 mm armour glass windows, sealed with Teflon 
gaskets. Both windows were provided with millimeter scales, and the front 
one with a rectangular grid. 

The bottom of the equilibration section terminated in an expanded glass 
section of 100 mm base diameter. This contained the solvent distributor, 
which consisted of a 40 mm length of 75 mm 0.d. S.S. tube closed by a nozzle 
plate at the top and a cover containing the inlet pipes at the base. The body 
was divided into four compartments each provided with eleven 2.64 mm 
i.d. nozzles on the nozzle plate. Longitudinal partitions were provided 
between the nozzle plate and bottom sieve plate to prevent mixing of 
droplets from adjacent quadrants. 

The expanded glass section was supported on a 1.22-mm-thick S.S. conical 
section with a base diameter of 50 mm. This in turn was supported on the 
pulsing unit, which comprised a piston fitted with a cup leather in a 
51.8-mm i.d. S.S. cylinder. The piston was connected by a crank arm to a 
variable eccentric drive head giving a maximum stroke of 100 mm, cor- 
responding to a pulse travel of 47 mm in the column. It was driven by a 
motor and variable speed drive providing a speed range of 0 to 360 cy- 
cles/rnin. The pulse height was determined at the air-water interface using 
a pointed probe with a transistor amplifier, 9-V battery and light emitting 
diode (LED). The amplitude corresponded to the difference in the probe 
positions which just gave intermittend and continuous glowing respectively 
of the LED. 

The arrangement of the auxiliary equipment was similar to that used 
by Hamilton and Pratt (1980,1984). Full details have been given by Garg 
(1982). 

Materials Used 

Distilled water was used as continuous-phase and commercial-grade 
methyl isobutyl ketone as dispersed phase. Both phases were mutually 
saturated before use. The spent MIBK was recycled after passage through 
two 1 .O-m-long sections of 100-mm-diameter glass column in series packed 
with I.C.I. "Darco" grade activated carbon, followed by a sand filter. No 
significant change was observed in the interfacial tension of the MIBK/ 
water after regeneration of the MIBK, using a du Nouy balance. 

The reagent concentrations used were 0.17 g/L for nickel di(ethy1 xan- 
thate) and 0.075 for dithizone; the former was in approximately three times 
the stoichiometric ratio. The dithizone was added to the MIBK immediately 
before a run in view of its instability. 

Procedure 

The column was filled with aqueous feed and the pulse frequency was 
set. The aqueous feed was then set to the desired value, followed by the two 
MIBK flows, and the MIBK/water interface was maintained constant by 
adjustment of the needle valve on the exit  aqueous stream. After stabil- 
isation, requiring 10 to 15 minutes, four to five photographs of the window 
were taken on Kodak Ektachrome 35 mm professional color slide film with 
an effective speed of ASA16O under the tungsten light source used. Runs 
were conducted at ambient temperature, i.e., 20-23°C. 

The camera had a 50-mm F1.8 standard lens mounted on a 25-mm ex- 
tension tube, and was fitted with two close-up lens of 40-cm focal length; 
this gave a magnification of about 0.8 times the actual size with a minimum 
focussing distance (i.e., lens to front glass) of 7 cm. A shutter speed of 1/ 
1,000 s was used with the F stop selected to give the correct exposure. Il- 
lumination was provided by a 500 W tungsten lamp directly behind the 
photographic cell, from which it was separated by graphic art tracing 
paper. 

The slides were projected on a white screen to give a magnification of 
about 40 times actual size. Around 1,000 droplets were counted for each 
set of conditions (200-250 per slide) within randomly selected grid areas, 
their diameters, or major and minor axes for oblate droplets, being recorded 
together with their colour. The actual sizes were obtained by relating the 
apparent size to that of the scale on the front window, and effective di- 
ameters of d, = (d12d2)1/3 were calculated for the oblate droplets, where 
dl  and d z  are the major and minor axes respectively. 

RESULTS 

Runs were carried out at pulse frequencies of 60, 90 and 120 
cycles/min with a fixed pulse amplitude of 1.4 cm; for each fre- 
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Figure 2. Operating range in relation to flooding curves. 
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TABLE 1. DETAILS OF SELECTED SIZE INTERVALS 

- KEV . 
ll f-60 cycleslmin 

A f-90 cycIes/m{n 

X f-120 cyc le r lm in  

quadrat ic approximation - - 

Mean Length of Size Interval 
Diameter 2 Lower Size < Upper Size 

1.5 

0, 
, 6.0 

4.5 

3.0 

1.5 

0.3558 
0.4483 
0.5649 
0.7117 
0.8967 
1.1297 
1.4234 
1.7933 

- 

- 

- 

- 

- 

0.3149 
0.3968 
0.4999 
0.6299 
0.7936 
0.9999 
1.2598 
1.5872 

0.3968 
0.4999 
0.6299 
0.7936 
0.9999 
1.2598 
1.5872 
1.9997 

TABLE 2. VARIATION OF DROPLET SIZE RANGE WITH PULSE 
FREQUENCY 

Pulse No. of Size Mean Dia. of Mean Dia. of 
Frequency Intervals First Interval Last Interval 

(cvcles/min) M (mm) (mm) 
60 8 0.3558 1.7933 
90 7 0.3558 1.4234 

120 6 0.3558 1.1297 

quency, two, four and eight plates were used in the coalescence 
section, each with total throughput rates (continuous + dispersed) 
of 10,15 and 30 cm3/s and, at the two higher frequencies, 45 cm3/s. 
Thus in all, 33 sets of runs were carried out, each with a MIBK/ 
water volumetric flow ratio of unity. 

From the appearance of the column during operation the runs 
at 60 and 120 cycles/min clearly corresponded to mixer-settler and 
emulsion operation respectively, while those at 90 cycles/min 
appeared to be in the transition region. This is confirmed by Figure 
2, in which the flow rates are shown in relation to the flooding 
curves on the Sege-Woodfield diagram (1954); in this the limiting 
flows for the mixer-settler region are given by Uf + U$ = 2#u and 
those for the emulsion region were calculated by the method of 
Thornton (1957). 

9.0 1 

0.0 ' 
0.4 0.8 1.2 1.6 I 

Oroplet  Diameter. d .  (mn) 

Figure 3. Variation of constant B In Eq. 1 with droplet diameter (V, 4- V, = 
30 cm3/s). 

The droplets were grouped into size intervals such that the mean 
diameter in an interval was 2'13 times that of the interval below. 
The selected intervals are given in Table 1, and the size range 
covered for each pulse frequency in Table 2. 

To correct for scatter in the plots of fraction of red droplets of 
sizej, i.e., fj, vs. number of plates, N, theexperimental data were 
fitted to an empirical expression satisfying the following condi- 
tions 

(i) At N = 0: fi = 0 and Af,/AN # 0 

(ii) As N - m: f, - 1.0 and Af,/AN - 0 

Statistical tests of the data by nonlinear regression, using Mar- 
quardt's algorithm (1963), were conducted with three expressions 
which satisfied these conditions. Of these, the following gave the 
best fit and reflected well the observed minimum in f, with in- 
crease in di at each value of N (Garg, 1982). 

(1 1 
The variation of the constant B with d, in this equation was ex- 
pressed satisfactorily by a second degree polynomial, giving the 
following expression for f j  

(2) 
Equation 2 was finally fitted to the data by nonlinear regression 
analysis. The least squares estimates of b1, bz and b3 are given in 
Table 3, and a typical plot of B vs. dj  is shown in Figure 3. Plots of 
f j  vs. N for a total flow of 30 cm3/s are shown in Figures 4 (a)-(c)% 
which are included in supplementary material. The complete data 
are given by Garg (1982). 

fi = 1 - exp(-NB) 

fi = 1.0 - exp[-N(b1 + b2di + b&)] 

TABLE 3. ESTIMATES OF CONSTANTS IN EQ. 2 

10 8.143 -0.138 6.279 10.684 -0.234 15.755 14.948 -0.354 29.842 
15 8.455 -0.147 6.811 5.653 -0.093 6.542 21.027 -0.519 40.300 
30 7.547 -0.120 5.829 10.605 -0.133 6.545 14.944 -0.298 22.274 

- 21.256 -0.337 18.557 16.473 -0.207 15.274 45 - - 
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Figure 4(c). Comparison of experimental values of f, with smoothed curves 
( f  = 120 cycies/min, V, + V, = 30 cm3/s). 

MODELLING OF DROPLET COALESCENCE AND BREAKAGE 

Basis of Method 

The rates of coalescence and breakage of droplets can be related 
mathematically to the droplet-size distribution in terms of a discrete 
population balance model (Hamilton and Pratt, 1984) for the case 
of a packed column. Using this formulation, the coalescence and 
breakage fluxes are expressed as follows: 

(i) Coalescences between equal-sized droplets of size j :  

-Anj/At = 2kin,2 (3) 

-Ani/At = kj-lninj-l (4) 

-An,lAt = Kini ( 5 )  

(ii) Coalescences between unequal-sized droplets of sizes j and 
j - 1: 

(iii) Breakage of droplets of size j :  

In Eqs. 3-5, k, and k!-' are second-order coalescence rate 
constants and K ,  are first-order breakage constants. 

The dispersed phase in the present experiments consisted of 
yellow, green and red droplets, the latter being formed by coales- 
cence of yellow and green droplets. Thus, two types of population 
balance are required: (i) over the total number of droplets in each 
size range entering and leaving a compartment (i.e., between two 
sieve plates); and (ii) over the number of red droplets in each size 
range entering and leaving a compartment in the coalescence 
section of the column. 

The following assumptions are made in deriving the population 
balances. 

(1) The individual processes of coalescence and breakage are 
mutually independent. 

(2) In accordance with observation, the droplets undergo co- 
alescence and breakage only on passage through the sieve plates, 
not within the compartments themselves. 

(3) The droplet-size distribution is statistically homogeneous, 
i.e., there is no variation with position within the compartment. 

N 

(4) Breakage results in the formation of two equal-sized 
daughter droplets (Ramshaw and Thornton, 1967). 

(5) The experimental droplet size distribution can be expressed 
in terms of discrete-size intervals, each an even multiple of the 
smallest droplet volume, vo, present; thus 

vi = 2iv0, i.e., di = 2jl3dO, j = 1,2,---M 

where M ,  the number of size intervals, varies with pulse frequency 
(Table 2). Hence coalescence of two droplets of size j gives one of 
size ( j  + 1) and breakage of a droplet of size j gives two of size ( j  
- 1). 

(6) Only coalescences between droplets in the same, and in 
adjacent size intervals are considered. 

(7)  In coalescences of droplets in adjacent size intervals j and 
( j  - I), a fraction p (generally taken as 0.5) of the droplets formed 
enter size ( j  + 1) and the remainder stay in size j .  

(8) The rate constant kj-' for coalescence of droplets of adjacent 
sizes j and ( j  - 1) can be approximated by 

(6) 

In accordance with assumption (2), the coalescence and breakage 
fluxes are expressed in terms of unit plate area, rather than unit free 
volume as for the packed column. Further, the number concen- 
tration, nj, which appears as the driving force in the rate expres- 
sions, Eqs. 3-5, is defined for the mixer-settler region as the number 
of droplets of size j per unit plate area, and for the emulsion region 
as the number per unit column volume. 

kf '  = 0.5(kj + kj-1) 

Droplet Number Concentrations 

compartment is related to the dispersed-phase holdup, xd, by 
In the mixer-settler region the total droplet volume within a 

(7) 

where subscript i = j and ni has dimensions of cmW2. Solving for 
the number concentration of a specific size, j ,  
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TABLE 4. FRACTIONAL HOLDUP OF DISPERSED PHASE 

Pulse 
Frequency Mode of Xd at Vd + V, (cmS/s) of 

(cvcles/min) Oueration 10 15 30 45 

60 Mixer-Settler 0.0224 0.0336 0.0673 - 

90 Mixer-Settler 0.0149 0.0224 0.0448 0.0673 
90 Emulsion 0.0187 0.0286 0.0612 0.0997 

120 Emulsion 0.0232 0.0357 0.0780 0.1319 

(8) 
6XdL 

TC nidrlnj 

nj = j = 1,2,---,M 
M 

t = l  

The ratios ni/nj in Eq. 8 are obtainable from the experimental 
droplet-size distribution data. For the emulsion region the ex- 
pression corresponding to Eq. 8 is 

(9) 

where nf now has dimensions of ~ m - ~ .  
The value of the holdup, Xd, for the mixer-settler region was 

obtained by equating the dispersed-phase vohmetric flow to the 
volume of this phase transported by the pulse per unit time, 
giving 

xd = U d / L $  (10) 

The values for the emulsion region were calculated from the 
usual slip velocity equation using Thornton's correlation (1957) of 
the characteristic droplet velocity. The results are summarized in 
Table 4; in view of the uncertainty of the mode of operation at the 
frequency of 90 cycles/min, the holdup for this case was calculated 
for both modes. 

Population Balances 

The population balance equations were derived by a similar 
method to that used by Hamilton and Pratt (1984). The resulting 
equations were as follows: 

A, = kpz(0.5pnplnj-2) + kj-l(nF-l + 0.5pnl-l(nj-2 
- nj)) + kj(- nj(2nj + 0.5pnp1 + 0.5nj+1)] 

(i) Total droplet population balance 

+ kj+ i(- 0.5njnj+ 1 )  + Kj(- nj) + Kj+1(2nj+ 1) (11) 

where A, = sAnj/AN with s = $ for the mixer-settler region and 
Udlxd  for the emulsion region. The latter relation is derived on the 
assumption that the velocities of all droplet sizes within swarm tend 
to equalize, as in the sedimentation of solid particles. 

A: = kj-z(0.25pnj-1np-2(1 + fj-i + fj-2 - f j - j j - 2 ) )  

(ii) Red droplet balance 

+ kj - i {Oh; - i ( l  + f;-1) + 0.25pnj-lnj-z(l + fj-1 

+ fj-2 -fj-fj-d + np-1[0.25(1- p)(l + fj-i)(l - fj)  

- 0.5pfjlJ + kjlnjnj-i[0.25(1 - p)(l + fj-i)(1 -fj) 

- 0.5pfjI - ni2fi(l + fj) - 0.5npj+fjl 
+ k j+  I(- 0.5njnj+ Jj) + Kj(- njfj) 
+ K j +  1(2nj+ Ifj+ I)  (12) 

where 

A: = sA(njf,))/AN. 

Equations 11 and 12 are derived assuming that, for droplets of size 
j ,  size intervals ( j  - 2), ( j  - 1) and (j + 1) each contain a significant 
number of droplets. However, this is not necessarily the case for 
the intervals at each end of the size distribution, and in fact the 
experimental data indicated that, although the numbers of droplets 
in size intervals 0 and M + 1 were small in all cases, they could not 

be disregarded in the total droplet balance. Consequently, Eq. 11 
was written also for these intervals, subject to the following con- 
ditions. 

(i) Interactions involving droplets of size below 0 or above M + 1 are not allowed, i.e., n, = 0 for j < 0 or > M + 1. 
(ii) The breakage rate constant for size 0 is zero, i.e., KO = 0. 
(iii) The coalescence rate constant for size M + 1 is zero, i.e., 

The droplet number balances, Eq. 11, are, therefore, written for 
M + 2 size intervals (sizes 0 to M + 1 inclusive), while the red 
droplet balances, Eq. 12, are written for M size intervals (sizes 1 
to M inclusive); the latter applies since the data show that the values 
of fi for droplet sizes 0 and M + 1 are too small to be meaningful 
The resulting 2M + 2 equations are linear in the kj and K,, and can 
therefore be expressed in matrix form as follows: 

Ck+ B K =  A (13) 

k M + l = O .  

CRk+ B R K =  A R  (14) 

where Cand CR are quadridiagonal matrices of the coefficients 
of the coalescence rate constants in Eq. 11 and 12 respectively, B 
and BR are bidiagonal matrices of the coefficients of the breakage 
rate constants, and k, K, A and AR are column vectors of the cor- 
responding quantities in Eqs. 11 and 12. 

Equation 13 and 14 can be further condensed as a simple par- 
titioned matrix equation, as follows: 

where 
A x =  z 

x =  [ k  !KIT 
z =  [A I ARIT 

Solution of Population Balance Equations 

A statistical analysis of the experimental data showed that the 
size distribution remained constant within the coalescence section 
of the column (Garg, 1982), so that A = 0; in addition, the elements 
of AE can be simplified to sn, Afj/ AN. To obtain the true co- 
alescence rates, i.e., with only green and yellow droplets present, 
the gradients Afi/AN were evaluated from the smoothed plots of 
fj vs. N over the range of N = 0 to N = 1. The vector z therefore 
becomes 

z =  [O A&] (16) 
In principle, Eq. 15 can be solved directly by inversion of matrix 
A. However, this was found not to be possible for p = 0.50, since 
then A is singular and does not have an inverse. A study of Eqs. 11 
and 12 revealed that this is because the equations for the total 
droplet balance are linearly dependent in the form 

M f 2  

i=1 
C 2(*-l)a. , = 0 j = 1,2, - - -, 2M + 2 (17) 

where ai,j is the element in the ith row and jth column of A. So- 
lutions obtained with values of p of 0.4,0.6 and 0.75 showed that 
the rate constants do not vary greatly with p and are close to those 
given in Tables 5(a)-(d) apart from the coalescence constants for 
the last size interval, i.e., M, which were always negative. [Tables 
5(a)-(c) are included in supplementary material.] 

Using the preferred value of p of 0.5, it is clear that Eq. 15 
constitutes an underdetermined set of equations which may not 
possess a unique solution. The solution can, however, be formulated 
as an optimization problem, the solution of which is the vector x 
which minimizes the residual vector, i.e., 

(18) 

1.3 

c = A x - z  

in terms of an appropriate norm. Two norms, i.e., 
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TABLE 5(d). 

Mean 
Dia. 

i (mm) 

1 0.3558 
2 0.4483 
3 0.5649 
4 0.7117 
5 0.8967 
6 1.1297 

VAJ~UES OF RATE CONSTANTS OBTAINED BY  NEWTON-^^ NORM METHOD. FREQUENCY = 120 cycles/min (EMULSION OPERATION) 

Coalescence Constants, ki,L4T-1 
v d  + v c  Vd v c  Vd + v c  

= 10 cm3/s = 15 crn3/s = 30 crn3/s 

9.7191 X 4.9447 X 10+ 2.6254 X 
2.5575 X 2.6056 X 10+ 2.8237 X 
1.3471 X 4.9135 X 10-3 4.3411 X 
5.3984 X 4.4128 X 3.0177 X low3 
7.6093 X loW3 4.3055 X 2.9017 X 
5.5017 X 9.5143 >( 7.3083 X 

I I E I / ~  = ( tTt)1/2 ( 1 2  - norm) (20) 

are commonly used because they offer more meaningful inter- 
pretation than other norms belonging to this class of 1, (0 < p < 
m )  norms (Rice, 1964). 

Solutions Bused on 11 Norm. The I1 approximation to xis that 
which minimises the sum of I c1 I .  Substituting Eq. 18 into Eq. 19, 
the objective function minimized is 

Since $1 is linear in the rate constants, i.e., the xi’s, the minimization 
is most efficiently done by linear programming, using e.g., the 
algorithm developed by Barrodale and Roberts (1973, 1974). Using 
this algorithm, the rate constants were calculated for all operating 
conditions. The results were in good agreement with those in Tables 
5(a)-(d), again apart from the coalescence constants for size M, 
which were always negative. This was apparently due to truncation 
of the size distribution to M intervals. 

The imposition of a lower bound, XI B 0, for all values of j was 
not possible with the above algorithm and an alternative method 
was therefore used. This involved conversion of the present opti- 
misation problem with nonnegativity constraints into an uncon- 
strained optimization by setting xi = y,” (Curtis, 1976). Thus the 
solution is obtained in terms of yi, yielding positive values of xj. 
Substituting this into Eq. 15, noting that Ax - z = fly), gives 

where 
2 M + 2  

F,(y) = ~ i , j y , ”  - ~ i ,  i = 1, - - -, 2M + 2 (23) 
j=1  

This system of nonlinear equations can be solved by Newton’s 
method (Carnahan et al., 1969). Thus, an initial guess yo of y is 
modified by a correction vector sk,  as follows 

y k + i  = y k + 6 k  (24) 

where k is the iteration number. The correction vector is obtained 
by solving the following set of simultaneous linear equations 

Jksk = -F(yk) (25) 

where for the present case the Jacobian matrix is obtained from 
Eq. 23 as 

Jk = 2AYk (26) 
where Uk = diag (y’f, yi, - - -, Y&,+~). Since A is singular for p = 
0.5, J k  is also singular and 6 therefore cannot be obtained from Eq. 

2.8827 X 
2.3119 X 
1.0038 X 
2.8030 x 10-3 
3.0106 x 10-3 
2.7869 X low7 

0.59979 0.77238 0.64146 0.82577 
0.48241 0.55075 0.49998 0.70740 
0.40658 0.42612 0.44591 0.67527 
0.43683 0.37753 0.40383 0.69546 
0.65420 0.60090 0.48498 0.71934 
1.46610 1.53660 0.92560 1.07990 

25 by matrix inversion. However, an 11 approximation to 6 can be 
computed by minimizing &, given by 

(27) 

The a1 orithm of Barrodale and Roberts (1974) was used to mini- 

1 6 j 6 2M + 1. The rate constants were then obtained from the 
relations xi = y,”. The values obtained by this method, termed the 
Newton - 11 method, are given in Tables 5(a)-(d), in which the 
data for a pulse frequency of 90 cycles/min are interpreted on both 
mixer-settler and emulsion bases. 

Solution Using l2  Norm. Substitution of the error vector given 
by Eq. 18 into Eq. 20 and simplifying gives 

mize 41 9 and the procedure was repeated until 16fl < 10-*lyfkf1 I ,  

The objective function, &, is quadratic in x and the latter can, 
therefore, be obtained by quadratic programming, subject to the 
lower bound, xi 3 0. Two algorithms for this purpose, viz., Wolfe’s 
and Beale’s, both described by Van De Panne (1975), were avail- 
able in the Multi-Purpose Optimization System (MPOS) on the 
Melbourne University computing system and were used to mini- 
mize &. Beale’s method, which has a lower memory requirement, 
was used in the first instance and in the few cases where it failed 
to converge Wolfe’s method was used. The results were essentially 
similar to those obtained by the Newtod l  norm method given in 
Tables 5(a)-(d); however, the latter method is preferred due to its 
more reliable convergence. 

Correlation of Rate Coefficients 

The data in Tables 5(a)-(d) indicate that the rate coefficients vary 
with both droplet diameter and total throughput at all frequencies. 
They were therefore fitted by expressions of the type 

(29) 

where the holdup, Xd, accounts for the effect of throughput. 
The fitting was done by linear regression, giving values of the 

multiple regression coefficient, R2, in excess of 77% in all cases. The 
resulting estimates of the constants a, b and c are summarized in 
Table 6. Since the rate constants are defined differently for 
mixer-settler and emulsion operation it was not possible to include 
the effect of pulse frequency. The data for 120 cycles/min are 
compared with the results of the regressions in Figure 5; those for 
the other frequencies are shown in Figures 6(a)-(c) and ?(a)-(c), 
which are included in supplementary material. 

kj or K ,  = a(dj)b(Xd)c 

TABLE 6. REGRESSION VALUES OF COEFFICIENTS IN EQ. 29* 

R. Region 
“ l  Y 

cycles of Values for ki 
per min Operation a X 104 b C 

Values for K j  
a b C 

60 Mixer-Settler 1.619 -3.004 -0.262 0.0715 -1.113 0.328 
90 Mixer-Settler 6.481 -2.634 0.093 1.306 -0.490 0.756 
90 Emulsion 48.563 -2.617 -0.107 2.293 -0.487 0.582 

120 Emulsion 7.115 -2.875 -0.359 0.782 -0.202 0.157 

Based on df  in mm, kj and Kj in cm.s units. 
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Figure 5. Comparison of rate constants with values given by Eq. 29 (& = 120 
cycleshin). 

APPLICATIONS OF RATE CONSTANTS TO DESIGN 

Prediction of Sfeady-State Droplet-Size Distribution 

A knowledge of the droplet-size distribution is of importance 
in design; it is, therefore, of interest to compare the distribution 
predicted by the model with the experimental distribution. A 
deterministic method can be used for this purpose with the present 
column type, using the following rearranged form of the relation 
defining Ai: 

Thus, starting from the known inlet values of ni, i.e., nj,o, Eq. 30 
is used recursively, together with Eq. 11 and the known rate con- 
stants, until the difference in the n j  on two successive plates is 
negligible. 

Typical results, starting from monosized inlet droplets, are shown 
in Figs. 8(a)-(c), (Figs. 8(a) and 8(c) are included in supplementary 
material.) A comparison of the predicted and experimental Sauter 

I 2 3 4 S 6 7 

51ze l"tel"d1 , 
Figure 8( b). Comparison of predicted and experimental droplet-size distribution 

( I  = 90 cycles/min, V, + V, = 15 cm3/s). 

mean diameters is given in Table 7 ;  this shows that agreement is 
very close. Calculations by the stochastic method described by 
Hamilton and Pratt (1984), using a Monte Carlo random selection 
technique, gave virtually identical results. 

Prediction of Droplet Coalescence Rates 

It is of interest to calculate the rate of red droplet formation, 
based on a steady-state size distribution, from the rate constants 
for comparison with the experimental values. Again using a 
deterministic method, the increase in fi over plate n is obtained 
by arrangement of the relation defining A:, as follows 

where f,, is the column vector of f j  values on platen and A;(f,,), 
which denotes the functional dependence of A: on f,,, is given by 
Eq. 12. 

For any plate n, Eq. 31 represents a set of M simultaneous 
nonlinear equations, which were solved for the M unknown fi,n 
by an analogue of Newton's method in which the Jacobian matrix 
is replaced by a finite difference quotient approximation. The 
computations were carried out using steady state values of the n j  
calculated as described above; they were started from the first plate, 
with fo set to zero, and continued for eight plates. 

The results are shown in Figures 9(a)-(c) in which values of fj 
calculated using both the smoothed and the actual values of the rate 
constants are compared with the experimental values. [Figures 
9(a)-(b) are included in supplementary material.] This shows that 
agreement was good for the first few plates but that, as expected, 
the predicted values deviated upwards as N increased due to the 
increasing incidence of multiple coalescences (i.e., red droplets with 
yellow or green), which become difficult to detect experimen- 
tally. 

Effect of Droplet Interactions on Mass Transfer 

The effects of polydispersivity, and of droplet coalescence and 

TABLE 7. COMPARISON OF PREDICTED WITH EXPERIMENTAL STEADY-STATE SAUTER MEAN DIAMETERS 

60 cycles/min 90 cycles/min* 120 cycles/min 
v c  + v d  Predicted d32+ Expt'l Predicted d32t Expt'l Predicted d32t Expt'l 
crn3.s-1 (i) (ii) d32 6) (ii) d32 (i) (ii) d32 

1.290 1.271 1.284 0.988 0.961 0.960 0.790 0.783 0.786 10.0 
15.0 1.311 1.286 1.291 1.023 0.938 0.941 0.813 0.785 0.789 
30.0 1.388 1.428 1.436 1.086 1.104 1.141 0.885 0.877 0.879 

1.093 1.115 1.119 0.912 0.918 0.923 45.0 - - - 

* Based on emulsion region of operation. ' Based on k,,rC, values ( i )  calculated from Eq. 29, (ii) from Tables 5(a)-(d) 
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Figure 9(c). Comparison of predlcted and experimental fraction red curves 
( I  = 120 cycleslmin, V, + V, = 30 cm3/s). 

breakage, on the performance of a pulsed plate column of the 
present type was investigated theoretically for the extraction of 5% 
w/v aqueous acetic acid with MIBK to give a raffinate containing 
0.1% of acetic acid. The column geometry was assumed identical 
with that used in the present experimental study, with the same 
pulse amplitude and frequencies. The holdup, x d ,  and the ex- 
traction factor, E = U c / m U d ,  were assumed to be 0.132 and 0.70 
respectively. The values of m, obtained from the equilibrium data 
of Vermijs and Kramers (1954) was 0.5449, and the calculated 
values of u d  corresponding to Xd were 0.670, 0.687 and 0.559 
cm-s-’ for the pulse frequencies of 60,90 and 120 cycles/min re- 
spectively. 

A modified form of backflow model was assumed in which only 
the continuous phase was fully mixed within stages. In conse- 
quence, the solute concentration in each droplet leaving a stage 
could be calculated analytically as follows, 

Two cases were considered, wiz.: (i) plug flow and (ii) backmixing 
of continuous phase; the backmixing ratios, ac, for the latter case 
were estimated as 1.5 for f = 60 (Rouyer et al., 1974) and 4.8 and 
5.0 for jf = 90 and 120 respectively (Garg and Pratt, 1981). 

Mass transfer coefficients were calculated for each droplet size 
using the relation of Rozen and Bezzubova (1968) for “medium 
sized droplets” for the droplet phase; those for the continuous phase 
were obtained from Griffith’s (1960) formula No.1 for R e d  < 50, 
and by Thorsen and Terjesen’s correlation (1962) for larger drop- 
lets. The values of K,d were then calculated for each size by means 
of the usual “two resistance” relation. 

The computational procedure used was similar to that described 
by Hamilton and Pratt (1984) for the packed column, using height 
intervals corresponding to actual plates. It differed, however, in 
that Eq. B.l, in step 4, was replaced by Eq. 32, and Eqs. B.2 and 
B.3 for the backmixed case in step 5, were replaced by the fol- 
lowing 
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N 

where 

The computation started from the dispersed-phase inlet end using 
2,000 droplets with their solute concentrations, initialized to zero 
at the inlet, each stored in a separate memory location; the latter 
were grouped into intervals according to the steady-state size dis- 
tribution. Four cases were considered, viz., a polydispersion with: 
(i) no droplet interactions; (ii) measured coalescence and breakage 
rates; (iii) “infinite” coalescence and breakage rates; and (iv) a 
monodispersion with droplets of diameter equal to the Sauter mean 
diameter of the polydispersion. The droplet interactions in case (ii) 
were allowed for by means of the stochastic procedure based on 
a Monte Carlo random selection method, used in step 7 of Hamilton 
and Pratt’s computer program (1984). 

The results of the computations, summarized in Table 8, indicate 
that the effect of polydispersivity itself, and hence of droplet co- 
alescence and breakage, is surprisingly small for the pulsed column, 
unlike the packed column (Hamilton and Pratt, 1984). For practical 
design purposes, therefore, there is a welcome simplification in that 
the dispersed phase can be treated as a monodispersion of diameter 
equal to the Sauter mean diameter of the polydispersion. 

DISCUSSION 

The derived values of the rate constants, plotted in Figures 5, 
6(a)-(c) and 7(a)-(c), show considerably less scatter than was the 
case for the packed column (Hamilton and Pratt, 1984). This is 
undoubtedly due to the additional uncertainty resulting from the 
use of a random packing in the latter case. There is some tendency 
in the present work for the plots of rate constant against d, to be 
convex downwards, but this may well result from the truncation 
of the droplet-size distribution at the two ends. 
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TABLE 8. EFFECT OF DROPLET COALESCENCE AND BREAKAGE ON M A S  TRANSFER PERFORMANCE 

Without Rackmixing With Rackmixing 
KO. of No. of 

Case Nod Nhd stages* NCd NAd Stages* 

(a) Pulse Frequency = 60 cycles/niin 
(i) No coalescence 7.626 

(ii) Measured coalescence & breakage rates 7.628 

(iii) Infinite coalescence 7.680 

(iv) Monodispersion of size d32 7.728 

(b) Pulse Frequency = 90 cycles/min (corrc:sponds to emulsion operation) 
(i) No coalescence 8.211 

(ii) Measured coalescence & breakage rates 8.223 

(iii) Infinite coalescence 8.297 

(iv) Monodispersion of size d32 8.371 

(c) Pulse Freqiiency = 120 cyclrs/min 
(i) No coalescence 8.607 

(ii) bfeastircd coalescerice & breakage rates 8.620 

(iii) lnfiriitc coalcscrnce 8.680 

(iv) Monodisp=rsion of size dn2 8.617 

The bracketed valucs are thr ratios of the nurnlrr.n of stages required tu those for Case ( i t ) .  

Although the rate constants are not strictly comparable nu- 
merically for the two types of column, or for the two types of op- 
eration with the present column, due to differences in dimensions, 
it is of interest that the effect of holdup was qualitatively similar 
in all cases. The coalescence constarits decreased with increase in 
droplet size for both columns, although the effect was niuch greater 
for the pulsed column. On the other hand, the breakage constants 
were much less affected by droplet size in both cases, although the 
exponents on d j  were of opposite sign. 

The predicted effects of both polydispersivity arid of droplet 
coalescence and breakage were surprisingly small, and were con- 
siderably less than for the packed column (Hamilton and Pratt, 
1984). However, despite this, a knowledge of the rate constants is 
likely to be of considerable importance, both to design and to the 
interpretation of column test data. Thus it would enable not only 
the steady-state droplet-size distribution, and hence the interfacial 
area for mass transfer to be predicted, but also the change in these 
parameters as the size distribution of the droplets entering the 
column from the distributor approaches the steady state. 

Before such methods could come into general use it would be 
necessary to know the effects of physical properties and column 
geometry on the rate constants. In the absence of data for other 
systems, the effect of the former could be predicted from the 
present data by dimcrisional analysis, as shown by Hamilton arid 
Pratt (1984) for the packed coluniri. Thus, the phase flow rates are 
already taken into accoiint in  Eq. 29 by the holdup, xd. The most 
important remaining variables are the density diffcrence, inter- 
facial tension and gravitational acceleration, arid dimensional 
analysis shows that these can be related, e.g., as follows 

where $l(kj)  and 62(Kj)  are given by 

Mixer-settler oprration: 41(kj) = *&; & ( K j )  = K 4Y 
Y3 APg3 

0.255 

0.256 

0.269 

0.278 

0.378 

0.381 

0.394 

0.412 

0.459 

0.461 

0.475 

0.463 

29.85 
(1.002) 
29.79 
(1.W) 
28.59 

(0.960) 
27.81 

(0.934) 

21.71 
(1.W) 
21.57 
(1.W) 
21.08 

(0.977) 
20.30 

(0.94 1 ) 

18.77 
(1.004) 
18.69 
(1.W) 
18.27 

(0.978) 
18.60 

(0.995) 

10.436 

10.444 

10.646 

10.780 

19.777 

19.883 

20.439 

21.049 

22.880 

22.w2 

23.595 

23.214 

0.254 

0.254 

0.269 

0.278 

0.373 

0.377 

0.394 

0.412 

0.454 

0.457 

0.475 

0.463 

41.10 
( 1 . 0 0 1 )  
41.07 

( 1 .ow 
39.63 

(0.965) 
38.79 

(0.944) 

52.98 
(1.004) 
52.77 
(1.W) 
51.92 

(0.984) 
51.03 

(0.967) 

50.43 

50.31 

49.69 

50.12 

(1.002) 

(1.W) 

(0 988) 

(0.996) 

Hence the values of a’,  b‘ and c’ in Eq. 35 can be estimated from 
the values of a ,  b and c given in Table 6. 

NOTATION 

= pulse amplitude, i.e., total displacement of liquid in 

= element in ith row and jth column of matrix A (Eq. 

= constant in Eq. 1 
= constants in Eq. 2 
= auxiliary variable defined by Eq. 34, g ~ 1 3 1 ~ ~  

= solute concmtration in continuous phase, g.cmP3 
= solute conccntration in dispersed phase, g . ~ m - ~  
= mean diameter of j t h  droplet size range, mm or c m  
= mean diameter of smallest droplet size range, mm or 

= Sauter mean diameter of droplets, mm or cm 
= extraction factor, Il,./mUd 
= ith element of column vector f l y )  (Eq. 22) 
= column vector of fi values 
= pulse frequency, min-1 or s-l 
= number fraction of red droplets in size range j 
= gravitational acceleration, cm-s-2 
= Jacobian matrix at kth iteration 
= overall dispersed-phase mass transfer coefficient. 

cm-s-’ 
= first-order breakage rate constant for droplets of size 

j ,  s-I (mixer-settler operation), cni-s-I (emulsion 
operation) 

= second-order coalescence rate constant for droplets 
of size j ,  cm2-s-1 (mixer-settler operation) cm4-s-I 

column, cm 

15) 

cm 
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(emulsion operation) 

with size j - 1 droplets (dimensions as for k,) 
= second-order rate constant for coalescence of size j 

= stage height, cm 
= number of droplet size intervals 
= gradient of equilibrium line, dci/dcc 
= number of stages (i.e., plates) 
= number of overall dispersed phase transfer units 
= number of overall dispersed phase transfer units per 

actual stage 
= number of droplets of size j per unit plate area, cm-2 

(mixer-settler) or per unit column volume, cm-3 
(emulsion operation) 

= fractional number of coalescences between droplets 
of size j with j - 1 which give droplets of size j + 
1 

= Reynolds number for droplets of size j ,  djvr,jpc/pc 
= f (mixer-settler operation), s-1, or u d / x d  (emulsion 

= time, s 
= superficial velocity of continuous and dispersed phase 

respectively, cm-s-1 
= volumetric flow rate of continuous and dispersed 

phase respectively, cm3-s-1 
= characteristic velocity, crn-s-l 
= volume of droplet of sizes o and j respectively, cm3 
= relative velocity of droplets of size j ,  cm-s-1 
= fractional holdup of dispersed phase 
= j th  element of column vector x (Eq. 15) 
= j th  element of transformed column vector y (Eq. 

= ith element of column vector z (Eq. 15) 

operation), cm-s-1 

23) 

Greek Letters 

a, 
Ai,AT 

= backmixing ratio for continuous phase 
= rate of change of number concentration of total and 

of red droplets respectively per unit cross-sectional 
area, cm-2.s-1 

c1 

AP 
P C  

P C  

Y 

= ith element of residual vector (Eq. 18) 
= density difference between phases, gcm-3 
= viscosity of continuous phase, gcm-1.s-1 
= density of continuous phase, g-cm-3 
= interfacial tension between phases, g-s-2 

Subscripts 

C = continuous phase 
d = dispersed phase 
i j  = droplet size range 
n = plate number 
in = dispersed phase entering 
out = continuous phase leaving 

Superscripts 

k 
T = transpose 

= flood point value 
= iteration number 

f 

* = equilibrium value 
- = mean value over all droplets 
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